Abstract. We prove several results regarding rainbow cycles within edge-colored complete graphs. We refute a conjecture by Ball, Pultr, and Vojtěchovský [BPV05] by showing that if such a coloring does not contain a rainbow n-cycle, where n is odd, then it also does not contain rainbow cycles of all sufficiently large lengths. In addition, we present two examples which demonstrate that this result does not hold for even n. Finally, we state several open problems in the area.
Introduction
The problem, in short, is to determine when the existence of a rainbow n-cycle in a coloring forces the existence of a rainbow m-cycle. However, we must first introduce some conventions and definitions. In this, we mostly follow the earlier work of Ball et al. [BPV05] , where the problem was originally introduced with potential applications for distributive lattices.
Definition. In the context of this paper, a coloring is an edge-coloring of an undirected complete graph. A rainbow n-cycle (sometimes called colorful in other sources) is a cycle consisting of n distinct vertices, all of whose edges are colored with distinct colors. As notation, we write (v 1 , . . . , v n ) for the cycle that visits vertices v 1 , . . . , v n in order (and then returns to v 1 ). Notice that although we allow infinite graphs, all cycles will be finite.
A simple lemma and an immediate corollary guide us in our study of rainbow cycles.
Lemma 1. If a coloring contains no rainbow n-cycles nor rainbow m-cycles, then it contains no rainbow (n + m − 2)-cycles.
Corollary 2. In particular, if a coloring contains no rainbow n-cycle, then it contains no rainbow cycles of length ℓ, where ℓ ≡ 2 (mod n − 2).
Remark. For example, if a coloring contains no rainbow 3-cycle, it contains no rainbow cycles at all.
Proof. The proof is by contradiction: assume that the coloring contains an rainbow (n + m − 2)-cycle. It can be divided, by a single chord, into an n-cycle and an m-cycle (see Figure 1) . Consider the color of this chord. On the one hand, it must agree with one of the other edges of the n-cycle; on the other hand, it must agree with one of the other edges of the m-cycle. This, however, is a contradiction, as we assumed the outer (n + m − 2)-cycle was rainbow.
If an n-cycle is prohibited, then so are (2n − 2)-cycles. By induction, we obtain all lengths congruent to 2 mod n − 2 (and no others).
Original Conjecture and the Main Result
The original conjecture [BPV05] can be stated succinctly as follows:
Conjecture 3. The restriction in Lemma 1 is the only restriction on what lengths of rainbow cycles a coloring can contain. In other words, any set of lengths that does not contradict the lemma is obtained as the lengths of rainbow cycles of some coloring.
Remark. If one only considers finite graphs, then it may be necessary to add in a restriction prohibiting sets containing arbitrarily large cycles. We may also formulate a weaker conjecture based on Corollary 2.
Conjecture 4. If m ≡ 2 (mod n − 2), then there exists a coloring of K m with a rainbow (Hamiltonian) m-cycle but no rainbow n-cycle.
However, both conjectures are false; indeed, they both contradict our main theorem, which is somewhat of an opposing, Ramsey-type result. We state it here but prove it later.
Theorem 5. Suppose n is an odd integer. If a coloring does not contain a rainbow n-cycle, it also does not contain a rainbow m-cycle for all sufficiently large m, say m ≥ f (n) for a function f dependent only on n.
In particular, we shall show that if there is no rainbow 5-cycle, there is also no rainbow 10-cycle, a contradiction to Conjecture 4 with m = 10 and n = 5.
The Even Case
Before proving our result, it is instructive to consider examples of colorings which contain some lengths of rainbow cycles, but yet do not contain many other lengths. In particular, we will construct colorings that show that Theorem 5 is not true for even n. Of the following two results, Claim 6 was proven in [BPV05] but Claim 7 is original.
Claim 6. There exists a coloring col of an infinite complete graph that contains all odd lengths of rainbow cycles, but no even-length rainbow cycles. Furthermore, taking appropriate finite subgraphs (and their induced colorings col n ) yields colorings that contain rainbow cycles of all odd lengths less than n, but still no evenlength rainbow cycles.
Proof. We construct col first. Let the vertex set be the positive integers Z + and the colors the nonnegative integers N and define the color of the edge joining distinct vertices x and y to be
First, we must show that there exist rainbow cycles of all odd lengths. But this is easy! Consider the cycle (1, 2, 3, . . . , k) for k odd. For 1 ≤ i < k, the color of the edge joining i and i + 1 is col(i, i + 1) = i; finally, the color of the edge joining k and 1 is col(k, 1) = 0. These are all distinct, so it remains to show that there are no even-length cycles.
However, by Corollary 2, we need only show that there are no length-4 cycles. Suppose, by contradiction, that there is a rainbow cycle (a, b, c, d). How many times is the case "col(x, y) = 0 if y − x is even" used along the edges? It cannot be used more than once because otherwise the cycle would contain a repeated color, 0. But (b−a)+(c−b)+(d−c)+(a−d) = 0 and thus, by parity, an even number of b−a, c−b, d−c, and a−d are odd and it cannot be used exactly once. Therefore, all of the edges use the "col(x, y) = min(x, y) if y − x is odd" case of the above definition. Now, without loss of generality, assume a is the smallest-numbered vertex of the four; a contradiction is immediate: since a is the smallest-numbered vertex, col(a, b) = col(a, d) = a. Therefore there are no rainbow 4-cycles and thus no even-length rainbow cycles at all.
Finally, taking the induced subgraph on the vertices from 1 to n accomplishes the second statement of the claim. Indeed, all of the odd-length rainbow cycles mentioned above still exist, and a rainbow 4-cycle still doesn't exist.
Claim 7. There exists another similar coloring col ′ of an infinite complete graph that contains all lengths of rainbow cycles, except those congruent to 2 mod 4. Furthermore, taking appropriate finite subgraphs has the same effect as before.
Proof. Again, let the vertex set be the positive integers Z + and the colors the nonnegative integers N; then for distinct vertices x and y, define
We show the existence of rainbow k-cycles, for all k ≡ 2 (mod 4); luckily, the cycle (1, 2, 3, . . . , k) accomplishes the task. For 1 ≤ i < k, the color of the edge joining i and i + 1 is col ′ (i, i + 1) = i; we must only analyze the color of the edge joining k and 1. If k is odd, then col ′ (k, 1) = 0; if k is divisible by 4, the color col ′ (k, 1) = k. In either case, the cycle is rainbow. It remains to show that there is no 6-cycle (once again, Corollary 2 implies we need only check one length). Proceeding by contradiction, assume there is a rainbow cycle (a, b, c, d, e, f ). As before, the rule "col ′ (x, y) = 0 if y − x ≡ 0 (mod 2)" cannot be used at all. We may also assume b − a ≡ 1 (mod 4 Of course, taking the corresponding induced subgraphs achieves the finite results.
Proof of the Main Result
The proof will consist of two intermediate lemmas.
Lemma 8. If a coloring does not contain a rainbow n-cycle, where n = 2k + 1 is odd, it also does not contain a rainbow m-cycle, where m = k · (2k + 1).
Remark. The k = 2 case yields the result involving 5 and 10 mentioned in Section 2.
Proof. We prove the contrapositive. Assume that we have a coloring col of K m such that there is a rainbow (Hamiltonian) m-cycle but no rainbow n-cycle. Without loss of generality, we may number the vertices of the K m by residues modulo m and insist that col(i, i + 1) = i for i ∈ Z/mZ. Consider the following k + 1 different (2k + 1)-cycles: (see Figure 2 for a visual accompaniment) By assumption, each of them must have a repeated color, so defining
Now consider the (2k +1)-cycle (0, 2k, 4k, . . . , (k −1)·2k, k ·2k, k, k −1, k −2, . . . , 1); it has colors {0, 1, . . . , k − 1} ∪ {c 0 , c 2 , . . . , c 2k }. This collection must have a repeated color. But none of c 2 , . . . , c 2(k−1) can contribute a repeated color, so we can conclude that one of c 0 and c −1 is a member of {0, 1, . . . , k − 1}. Notice, now, that we may translate this argument to also conclude that "either c i or c i−1 is a member of {i · k, i · k + 1, . . . , (i + 1) · k − 1}". By symmetry, assume that c 0 ∈ {0, 1, . . . , k − 1}. It follows that c 1 ∈ {k, k + 1, . . . , 2k − 1} and, in general, c i ∈ {i · k, i · k + 1, . . . , (i + 1) · k − 1}. Now for the contradiction: consider the cycle (0, 2k, . . . , k · 2k, k, 3k, . . . , k · (2k − 1)), illustrated in Figure 3 . The colors along the edges are precisely the c i , no two of which can be equal! 0 k 2k −k Lemma 9. If a coloring contains no rainbow n-cycles, where n = 2k + 1, and no rainbow m-cycles, where m = k ·(2k +1), then it contains no rainbow M -cycles for all M ≥ 4k 3 −2k 2 −8k +8 = n 3 /2−2n 2 −3n/2+11.
Proof. Let N(2) denote the set {2, 3, 4, . . . }. With the operation m • n = m + n − 2 of Lemma 1, N(2) becomes a monoid; moreover, it is isomorphic to N with addition by the map n → n − 2. This observation is useful because of its interaction with forbidden rainbow cycle lengths.
Definition. Let the spectrum of a coloring col be the set of forbidden lengths of rainbow cycles, that is, {n ≥ 2 | col does not contain a rainbow n-cycle}. Notice that by definition, all spectra contain 2.
Then the spectrum of a coloring is a submonoid of N(2). This allows us to apply the well-known Claim 10 to complete the proof. Clearly, Lemma 8 and Lemma 9 together complete the proof of Theorem 5.
Further Directions
This paper leaves open a few avenues of further experimentation which interest the author. We state some of these problems. Problem 1. Completely characterize when the existence of a rainbow m-cycle implies the existence of a rainbow n-cycle.
Problem 2. Determine the minimal possible values of f (n).
For example, computer experimentation yields f (5) = 8, f (7) = 11, and f (9) = 15. Finally, there is evidence to support the following conjecture.
Conjecture. The asymptotic behavior of a spectrum S can be classified into three categories: either (a) S contains all sufficiently large numbers, (b) S contains all sufficiently large even numbers, or (c) S contains all sufficiently large numbers congruent to 2 mod 4.
